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Abstract
We consider how the swampland criteria might be applied to models in which scalar fields have
nontrivial kinetic terms, particularly in the context of P (φ,X) theories, popularly used in ap-
proaches to inflation, to its alternatives, and to the problem of late-time cosmic acceleration. By
embedding such theories in canonical multi-field models, from which the original theory emerges as
a low-energy effective field theory, we derive swampland constraints, and study the circumstances
under which these might be evaded while preserving cosmologically interesting phenomenology. We
further demonstrate how these successes are tied to the phenomenon of turning in field space in
the multi-field picture. We study both the general problem and specific examples of particular
interest, such as DBI inflation.
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I. INTRODUCTION
Cosmological model-building typically works, explicitly or otherwise, with “bottom-up”
effective field theories (EFTs).1 According to the standard lore, one constructs a bottom-up
EFT by deciding on some particle content and some set of symmetries, and then writing
down the most general action consistent with those symmetries, organized in an appropriate
expansion. This approach has a number of virtues: it allows one to work with low-energy
theories in a good deal of generality, and it typically requires only a finite number of operators
in order to compare to observations at a given level of precision. Nevertheless, the number
of parameters an EFT has can be greater than can be constrained with a given set of
observations, and it is interesting and useful to ask whether these parameters can be further
restricted by theoretical considerations.
A variety of programs have been developed to constrain the space of low-energy effective
theories using guidance from high energies. The general approach is to explore whether
there are effective field theories that appear consistent, but nevertheless do not possess
an ultraviolet (UV) completion.2 These programs include the weak gravity conjecture [5],
positivity bounds [6], and the swampland [7].
In recent years, string theoretic arguments have been used to suggest that the string
landscape may exclude a large “swampland” of low-energy effective field theories which,
remarkably, would include most models with quasi-de Sitter vacua, which are typically used
to obtain inflation, or to model dark energy [8, 9]. Many such conjectures have been proposed,
with two of the most prominent being the de Sitter conjecture and the distance conjecture,
formulated as follows.
Consider a low-energy effective theory consisting of a set of scalar fields Φa with a field-
space metric Gab(Φ) and a potential V (Φ),
S =
∫
d4x
√−g
[
M2Pl
2
R− 1
2
Gab(Φ)∂µΦa∂µΦb − V (Φ)
]
. (I.1)
The de Sitter conjecture proposes that the gradient of the potential V is bounded as
|∇V | ≡
√
Gab∂aV ∂bV ≥ c
MPl
V (I.2)
1 See, e.g., Refs. [1–4].
2 Of course, this is a very general question, and caveats exist, e.g., the UV completion one has in mind may
be required to satisfy certain properties, such as being Lorentz-invariant, or arising from a string theory.
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for some O(1) constant c, and with ∂a ≡ ∂/∂Φa. The distance conjecture states that the
field excursion is sub-Planckian,
|∆Φ| ≡
√
Gab∆Φa∆Φb < O(MPl). (I.3)
The combination of these conjectures has been argued to severely constrain single-field mod-
els of inflation and dark energy [9–12], although multi-field models can evade these bounds
through field-space effects [13]. Refinements of these conjectures exist; for example demand-
ing that
min(∂a∂bV ) ≤ − c
′
M2Pl
V (I.4)
for some constant c′ ∼ O(1) [14, 15].
A large class of theories of interest in cosmology are not of the σ-model form (I.1),
but instead involve non-canonical structures. Examples include P (φ,X) theories [16–18],
galileons [19, 20], Horndeski models [21–23], and DHOST theories [24, 25]. It is therefore
natural to ask whether the swampland criteria can be applied to inflationary or dark energy
models with such non-canonical kinetic terms. In this paper we demonstrate a method of
applying these criteria to P (φ,X) theories, in which the action has a non-trivial, algebraic
dependence on the scalar-field kinetic term X ≡ −1
2
(∂φ)2,
S =
∫
d4x
√−g
(
M2Pl
2
R + P (φ,X)
)
. (I.5)
For generality, and to make contact with much of the literature, we allow arbitrary depen-
dence on both X and φ. We can rewrite a P (φ,X) theory in a σ-model form by introducing
an auxiliary field χ [26, 27],
S =
∫
d4x
√−g
[
M2Pl
2
R + P (φ, χ) + Pχ (X − χ)
]
. (I.6)
Since the χ equation of motion sets χ = X ,3 this action is dynamically equivalent to eq. (I.5).
We can therefore write a “UV extension” of the P (φ,X) theory by adding a small kinetic
term for χ,
S =
∫
d4x
√−g
[
M2Pl
2
R + P (φ, χ)− 1
2Λ6
(∂χ)2 + Pχ (X − χ)
]
, (I.7)
3 This requires Pχχ 6= 0, which is not a particularly restrictive condition, but one should check that it is
not violated along the solution under consideration.
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where Λ is a mass scale, introduced on dimensional grounds, which acts as a cutoff for the
UV extension. At sufficiently low energies we can ignore the dynamics of χ and again obtain
the P (φ,X) theory. The action (I.7) is of the form (I.1), with Φa = (φ, χ) and
Gab = diag
(
Pχ,
1
Λ6
)
, (I.8)
V (Φ) = −P + χPχ, (I.9)
and is therefore amenable to a swampland analysis.4
The general idea here is to perform a swampland analysis for the theory (I.7), and then
to consider the constraints on the field φ (which we might imagine as the inflaton or dark
energy field) as we approach the decoupling limit of χ. We will focus on applying the rele-
vant constraints along solutions of cosmological interest, such as those describing inflation,
although the general technique can be applied more broadly.
We start in section II by formulating the swampland criterion (I.2) for general P (φ,X)
theories and discussing the conditions on P (φ,X) under which it is satisfied. In section III
we apply these general considerations to DBI inflation, a prominent class of inflationary
models of the P (φ,X) type. Finally we provide a physical interpretation of these results
from the two-field perspective in terms of field-space turning in section IV, before concluding
in section V.
II. SWAMPLAND ESTIMATES
A. Swampland criterion for P (φ,X)
Our aim is to apply the de Sitter swampland criterion (I.2) to P (φ,X) theories in the
UV-extended form (I.7). We start by considering the as-yet-unfixed scale Λ, which must
be chosen sufficiently large that the P (φ, χ) theory is well-approximated by the original
P (φ,X) theory on the low-energy solutions of interest. The original theory arises in the
limit of infinite Λ. At first glance it appears as if the de Sitter conjecture, which depends
on Λ through the inverse field-space metric Gab = diag(1/Pχ,Λ6), is trivially satisfied in
4 See Ref. [28] for further discussion of this idea and of other approaches to applying the swampland conjec-
tures to P (φ,X) theories. Also see Refs. [28, 29] for previous discussions of auxiliary field techniques in
the swampland context. For other approaches to applying the swampland bounds to P (φ,X) theories and
their generalizations, see, e.g., Refs. [30–33]. See Ref. [34] for an alternative auxiliary-field forumulation
of shift-symmetric P (φ,X) = P (X) theories. 4
this limit. However, we are not allowed to increase Λ arbitrarily, as we will run into strong
coupling. Moreover, the distance conjecture (I.3) has the opposite scaling with Λ, as it
depends on Gab rather than its inverse Gab.
To avoid such strong coupling problems and to be maximally conservative in applying
the swampland conjecture, we choose to take Λ as small as possible consistent with inflation
remaining as a valid solution of the low-energy EFT. Consider the χ equation of motion,
1
Λ6
χ + Pχχ (X − χ) = 0, (II.1)
and expand χ in powers of the small parameter 1/Λ6,5
χ = X +
1
Λ6
χ1 +O
(
1
Λ12
)
. (II.2)
The O(Λ0) piece of the χ equation of motion is satisfied by our choice of the leading-order
term χ = X + · · · , and the O(Λ−6) piece is
X − PXX χ1 = 0 =⇒ χ1 = X
PXX
. (II.3)
By insisting that this not dominate the solution for χ, i.e., χ1/Λ
6 ≪ X , we obtain a lower
bound on Λ,
Λ6 &
X
XPXX
. (II.4)
Note that the right-hand side of this expression can be evaluated entirely on the solution to
the low-energy P (φ,X) theory, since by construction we have χ ≈ X to this order. We will
take Λ to have the smallest value allowed, essentially saturating the inequality in eq. (II.4).6
This allows us to obtain a conservative estimate of the swampland bound; Λ could certainly
be larger, in which case the de Sitter conjecture (I.2) is more easily satisfied.
Let us phrase the de Sitter conjecture (I.2) as R ≥ c for some c ∼ O(1), where the ratio
R is
R ≡ 1
M2Pl
Gab∂aV ∂bV
V 2
. (II.5)
Evaluating this for the two-field extension of P (φ,X) we have
R = M2Pl
(Pφ−χPφχ)
2
Pχ
+ Λ6χ2P 2χχ
(P − χPχ)2 . (II.6)
5 The requirement is that some characteristic energy scale be less than order Λ; strictly speaking this
corresponds to some small dimensionless parameter.
6 Technically we assume Λ to take the minimum value of the function on the right hand side of (II.4)
throughout the inflationary trajectory, although this distinction will not be important.
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We assume that on-shell χ ≈ X , so that we can evaluate the right-hand side in terms of
φ and X rather than φ and χ, and write this along the solution of interest—such as an
inflationary trajectory—as
R ≈M2Pl
(Pφ−XPφX)
2
PX
+XPXXX
(P −XPX)2 , (II.7)
where, as discussed above, we have taken Λ to have its minimum allowed size.
B. Swampland criterion during inflation
We now proceed to evaluate the expression (II.7) on inflationary trajectories. The aim is
to derive and collect useful expressions in terms of slow-roll parameters and model param-
eters that will reduce eq. (II.7) to the much simpler form (II.21). We assume a spatially
homogeneous and isotropic solution, and a spatially flat metric,
φ = φ(t), ds2 = −dt2 + a2(t)d~x2. (II.8)
The Friedmann equations are
3M2PlH
2 = −P + 2XPX , (II.9)
M2PlH˙ = −XPX , (II.10)
where overdots denote time derivatives, H = d ln a/dt, and X = φ˙2/2, while the scalar
equation of motion is
Pφ = a
−3 d
dt
(
a3PX φ˙
)
= φ¨
(
PX + φ˙
2PXX
)
+ φ˙2PφX + 3HPXφ˙. (II.11)
The Friedmann equations can be combined to obtain an exact expression for the Hubble
slow-roll parameter,
ε ≡ − H˙
H2
=
XPX
M2PlH
2
. (II.12)
We demand a quasi-de Sitter phase, so this quantity should be small, ε ≪ 1.7 As usual we
also insist that its first derivative be small enough to allow inflation to persist for a sufficient
7 Its magnitude is model-dependent. For instance, ε ∼ ns − 1 in standard slow-roll inflation, with ns the
tilt of the scalar power spectrum, while in DBI inflation, a prominent example of inflation driven by
non-trivial kinetic terms of a P (φ,X) form, we have instead ε ∼ √ns − 1 [35, 36].
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number of e-foldings, i.e., η ≪ 1 with
η ≡ ε˙
Hε
. (II.13)
Taking a derivative of eq. (II.12) and using the definition of η, we find an expression which
will be useful later,
η − 2ε = φ¨
H
(
2
φ˙
+
PXX
PX
φ˙
)
+
PφX
PX
φ˙
H
. (II.14)
We will also find it convenient to replace PX in the Friedmann equation using ε, obtaining
(3− 2ε)H2 = − P
M2Pl
. (II.15)
Note that all of these equations are exact: we have yet to use the slow-roll approximation.
In addition to the slow-roll parameters, which measure the deviation from exact de Sitter,
we will introduce a pair of parameters to quantify the deviation from the canonical scalar,
for which P (φ,X) = X − V (φ). We choose convenient dimensionless parametrizations of
PXX and PφX ,
c2s ≡
PX
PX + 2XPXX
, (II.16)
β ≡ PφX
PX
φ˙
H
. (II.17)
The first of these, c2s = PX/ρX , is the usual sound speed, while β is chosen to simplify
expressions involving PφX . For a canonical kinetic term we have β = 0 and cs = 1, and
deviations from these values signal that the non-canonical kinetic structure is important. It
is worth mentioning here that, as we pointed out earlier, technically, our UV-extension of
the original theory is only valid as long as Pχχ 6= 0 along the trajectory of interest. To
leading order in the EFT this condition reads PXX 6= 0, which we can see is satisfied as long
as PX 6= 0 (which in turn implies ε 6= 0), X is finite, and cs < 1. All of these conditions are
satisfied by the models under consideration.8
These parameters allow us to write the scalar equation of motion (II.11) in a simple form
reminiscent of the usual canonical expression,
PX
[
c−2s φ¨+ (3 + β)Hφ˙
]
= Pφ. (II.18)
8 Note also that, even if this were not the case, the fact that Pχχ differs from PXX by some higher-order
terms in the EFT indicates that the analysis would probably be valid even if the trajectory did encounter
a point with PXX = 0.
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In canonical slow-roll inflation we usually drop the first term, as φ¨ ≪ Hφ˙. This is a
consequence of eq. (II.14), which for P (φ,X) = X − V (φ) becomes φ¨ = (η/2 − ε)Hφ˙. It
is important to understand the conditions under which this continues to hold in the more
general P (φ,X) setting. Let us rewrite eq. (II.14) in terms of c2s and β,
φ¨
Hφ˙
=
η − 2ε− β
1 + c−2s
, (II.19)
where, as already mentioned, we still have not used any slow-roll approximation. Note
that, for 0 < c2s ≤ 1, the factor 1/(1 + c−2s ) ranges monotonically from 0 to 1/2, and is
approximately c2s for c
2
s ≪ 1. This factor is therefore O(c2s) for all cs. We see that φ¨≪ Hφ˙
still holds during slow roll as long as βc2s is small.
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Finally we address the factor X = X¨ + 3HX˙ appearing in the expression (II.7) for R.
We will assume that X¨ ≪ HX˙ . This follows from eq. (II.19) during slow-roll if the factor
β(1 + c−2s )
−1 ∼ O(βc2s) is small (so that φ¨ ≪ Hφ˙) and roughly constant over a Hubble
time.10 Under these assumptions, during slow roll we find
X ≈ −3HX˙ = −3Hφ˙φ¨. (II.20)
Using the expressions presented in this section, we can simplify eq. (II.7) to find, at
leading order in slow-roll,
R ≈ ε
(
2− B
3
+
B2
18
)
, (II.21)
where we have defined
B ≡ 1− c
2
s
1 + c2s
β. (II.22)
Note that R depends on c2s and β only through this particular combination. We emphasize
that the only assumptions we have made in deriving eq. (II.21) are Hubble slow-roll (ε, η ≪ 1)
and slow scalar evolution (φ¨≪ Hφ˙).11
The first term in eq. (II.21) isO(ǫ), so the only way to satisfy the swampland bound—that
is, to have R > O(1)—is to increase the value of B,
B > O
(
1√
ε
)
≫ 1, (II.23)
9 In DBI inflation, which we discuss in the next section, this quantity is O(ε).
10 To see this, define α ≡ β(1+ c−2s )−1. We then have X˙ = φ˙φ¨ = 2αHX , so X¨ ≪ HX˙ as long as α≪ 1 and
α˙≪ Hα.
11 Since we are keeping β and cs general, we may be keeping terms in eq. (II.21) which are similar in size
to slow-roll terms that we have dropped. The point is to remain agnostic about the size of these model
parameters while making use of Hubble slow roll, which is required for a quasi-de Sitter phase.
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so that the third (and possibly second) term is large. Our goal therefore becomes to under-
stand the circumstances under which this condition is satisfied. Because we have assumed
c2sβ ≪ 1, which is required in order that φ˙ evolve slowly over a Hubble time, we can only
have B ≫ 1 if the sound speed is small, c2s < O(
√
ε) ≪ 1. Then B ≈ β, so the swampland
criterion requires
β &
1√
ε
. (II.24)
In the next section we will consider DBI inflation. We will see that on inflationary
solutions the sound speed is small, c2s ≪ 1, while β is large, with the combination c2sβ ∼ O(ε),
implying
R ∼ O
(
ε3
c4s
)
. (II.25)
We will find, therefore, that the swampland criterion is satisfied, R & O(1), if cs is sufficiently
small to overcome the slow-roll suppression in the numerator.
III. DBI
In this section we apply the de Sitter conjecture to Dirac-Born-Infeld (DBI) inflation, a
particularly prominent, physically-motivated example of inflation with a P (φ,X) action.12
One attraction of DBI inflation is that it can be realized as a brane inflation scenario in type
IIB string theory, with a D3-brane traveling down a warped throat at relativistic speeds
[35, 36]. Besides its motivation in string theory, this model is also appealing because it is a
sensible EFT from the bottom-up perspective, since its structure is protected from radiative
corrections by a nonlinear symmetry [37–39]. Note that the DBI model is constrained by
observations, predicting for instance large non-Gaussianities when the sound speed is small
[40]; our focus here is on a proof of concept rather than advocating for a specific inflationary
model. As in the previous section we will focus on inflationary trajectories.
The action for DBI inflation is given by eq. (I.5) with
P (φ,X) = − 1
gs
(
1
f(φ)
√
1− 2f(φ)X + V (φ)
)
. (III.1)
Here f(φ) is the (squared) warp factor of the throat, and V (φ) is the potential. The form of
f(φ) depends on the geometry of the throat; for example for a pure AdS5 throat of radius
12 For earlier work applying the swampland conjectures to DBI inflation, see Refs. [28, 30].
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R, we have f(φ) = λ/φ4 with λ ≡ R4/α′2 [35, 36]. We will leave both the warp factor and
the potential general, and return to this specific example at the end.
The distinguishing feature of DBI inflation is “D-cceleration,” an alternative mechanism
to potential slow roll. The brane is taken to be moving near the bulk speed of light, imposing
a speed limit that leads to slow roll, even if the potential is too steep to allow slow roll in the
presence of a canonical kinetic term. From the perspective of the 4D theory this speed limit
is imposed by the reality of the square-root term in the action, which requires 2f(φ)X < 1.
It is convenient to introduce the 5D Lorentz factor γ,
γ ≡ 1√
1− 2fX , (III.2)
in terms of which the condition for D-cceleration is γ ≫ 1. This implies that, to leading
order in slow roll,
X ≈ 1
2f(φ)
. (III.3)
Calculating the sound speed we find
c2s =
1
γ2
≪ 1, (III.4)
so that B ≈ β, which in turn is
β = γ2Xf ′
φ˙
H
≈ 1
2
γ2
H
f ′
f 3/2
, (III.5)
where in the second line we have used X ≈ 1/(2f). The slow-roll parameter ε is
ε =
XPX
M2PlH
2
≈ 1
M2PlH
2
γ
gs
1
2f
, (III.6)
where we have used PX = γ/gs, which holds exactly.
These expressions can be written more clearly in terms of the free parameters and func-
tions of the model. We can eliminate H using the Friedmann equation: the potential energy
dominates, so we have
H2 ≈ 1
3gsM2Pl
V. (III.7)
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We can also write γ in terms of the potential and warp factor. We write the acceleration
equation as
H˙ = − 1
2gsM2Plf
(
γ − 1
γ
)
≈ − γ
2gsM2Plf
, (III.8)
where in the second line we have used γ ≫ 1. Taking a time derivative of the Friedmann
equation we also find
H˙ ≈ V
′
2
√
3gsMPl
√
V f
. (III.9)
Comparing these, we then obtain an expression for γ,
γ ≈
√
gs
3
MPl
√
f
|V ′|√
V
. (III.10)
Note that we can now calculate c2sβ (which we have seen needs to be small in order to
have φ¨≪ Hφ˙ and X¨ ≪ HX˙), finding
c2sβ ∼ ε
f ′
f
V ′
V
. (III.11)
In regions of field space where f(φ) and V (φ) are, or can be approximated by, power laws
with order-unity exponents, then we find c2sβ ∼ O(ε)≪ 1.
Recall (cf. eq. (II.21)) that the swampland criterion is given by R > O(1), with
R ≈ ε
(
2− β
3
+
β2
18
)
, (III.12)
where we have used the fact that c2s ≪ 1 for D-ccelerating DBI theories implies that B ≈ β.
The first term is clearly small during slow roll. The other two terms are, to leading order in
slow roll,
εβ ≈ 1
4
g2sM
4
Pl
f ′
f
∣∣∣∣V ′V
∣∣∣∣
3
, (III.13)
εβ2 ≈ 1
16
g4sM
8
Pl
ε
(
f ′
f
)2(
V ′
V
)6
. (III.14)
If the swampland criterion is satisfied, then the term proportional to εβ2 must be dominant.
If it were not, i.e., if εβ2 < εβ, then β would be small, implying R ≈ 2ε≪ 1. In this re´gime
we therefore have
R ≈ 1
18
εβ2 ≈ 1
288
g4sM
8
Pl
ε
(
f ′
f
)2(
V ′
V
)6
. (III.15)
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Of course, whether or not this is larger than unity is model-dependent. We can rephrase
this result in two more physically-illuminating ways. One is to consider power-law forms for
the warp factor and potential,
f(φ) = λφp, V (φ) = µφq, (III.16)
in which case we have
R ≈ p
2q6
288
g4s
ε
(
MPl
φ
)8
, (III.17)
or, in terms of the canonically-normalized field φc ≡ φ/√gs,
R ≈ p
2q6
288
1
ε
(
MPl
φc
)8
, (III.18)
The simplest example falls into this category: a pure AdS throat with f(φ) = λ/φ4 and
a standard mass term V (φ) = m2φ2, in which case the prefactor p2q6/288 becomes order
unity,
R ≈ 32
9
1
ε
(
MPl
φc
)8
. (III.19)
We see that when the warp factor and potential are power laws, the swampland criterion is
satisfied when the canonically-normalized field takes on sub-Planckian values.13
Another useful approach is to compare the swampland criterion to standard slow-roll
inflation with the same potential, for which
RSR = M
2
Pl
(
V ′
V
)2
. (III.20)
In the D-cceleration re´gime of DBI, R is enhanced by a factor of
R
RSR
=
M6Plg
4
s
288
1
ε
(
f ′
f
)2(
V ′
V
)4
. (III.21)
We see that the non-canonical kinetic structure, appearing through f(φ), is crucial for evad-
ing the swampland bound, since it is large gradients in f(φ) that enhance R. We emphasize
that one should be careful when comparing V ′/V to its single-field slow-roll counterpart,
as the D-cceleration mechanism allows for inflation with rather larger values of the inflaton
mass (or, more generally, with steeper potentials) than does standard single-field slow roll
[36].
13 The suppression by 1/ε does not significantly affect this conclusion: for ε in the range of 10−1–10−2, ε1/8
is close to unity. Similarly, it is difficult for the prefactor p2q6/288 to affect this bottom line; note that
2881/8 ≈ 2.03. On the other hand, if φc is even double the Planck mass, then R is suppressed by a factor
of 28.
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IV. TURNING ESTIMATES
We have seen that P (φ,X) theories can have quasi-de Sitter phases which evade the
swampland conjecture (I.2). The analysis requires these theories to be rephrased in a multi-
field form via the introduction of an auxiliary field which is given (small) dynamics. In
general, multi-field inflation theories are able to evade the swampland bound with what is
known as large turning in field space [13]. In contrast to single-field inflation, in a multi-field
context the fields can take a variety of trajectories through field space, rather than being
required to follow gradients of the potential; trajectories develop angular momentum in
field space, or turning, when the field trajectory is misaligned with the gradient flow of the
potential. This severs the direct link between the Hubble and potential slow-roll parameters,
allowing the field value to stay approximately constant even on a steep potential, driving
acceleration. In this section we calculate the amount of turning on inflationary trajectories
in the multi-field picture in P (φ,X) inflation, and show that, in agreement with Ref. [13],
the evasion of the swampland bound is due to large turning in field space in the two-field
UV extension.
Our analysis will follow the geometric approach summarized in Ref. [13]. Let us package
the fields into a field-space vector Φa = (φ, χ).14 We define the norm of the time derivative
of Φa by
Φ˙ ≡
√
GabΦ˙aΦ˙b =
√
PX φ˙2 +
1
Λ6
X˙2. (IV.1)
As in the previous sections, we assume we are in the low-energy re´gime of the EFT and
freely use χ ≈ X . Next we define a covariant time derivative Dt by
DtV
a ≡ V˙ a + ΓabcV bΦ˙c, (IV.2)
where V a is any vector in field space and Γabc are the Christoffel symbols associated with the
field-space metric, whose only nonzero components are
Γφφφ =
1
2
PφX
PX
, Γφχφ =
1
2
PXX
PX
, Γχφφ = −
1
2
Λ6PXX . (IV.3)
Defining the unit tangent vector,
T a ≡ Φ˙
a
Φ˙
, (IV.4)
14 Technically the units are mixed, since χ has units of mass4, but our calculations will be self-consistent,
since the field-space metric has correspondingly mixed units.
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we can finally define the angular velocity in field space,
Ω ≡ |DtT |
=
√
PX(DtT φ)2 +
1
Λ6
(DtT χ)2, (IV.5)
where the components of DtT
a are
DtT
φ =
(
φ˙
Φ˙
)
˙
+
1
2PX
φ˙
Φ˙
(
PφX φ˙+ 2PXXX˙
)
, (IV.6)
DtT
χ =
(
X˙
Φ˙
)
˙
− 1
2
Λ6PXX
φ˙2
Φ˙
. (IV.7)
We begin by estimating Φ˙. Per eq. (IV.1), this has two terms, one from the φ sector and
one from the χ sector. Using the expressions and approximations presented in section II we
find, to leading order in slow roll,
Λ−6X˙2
PX φ˙2
=
B
6
. (IV.8)
If the swampland criterion is satisfied then we have B > O(ε−1/2) ≫ 1, in which case we
find
Φ˙ ≈ X˙
Λ3
. (IV.9)
We can perform a similar analysis for the turning rate, Ω = |DtT |. We start with the term
φ˙/Φ˙ which appears in DtT
φ, and which in slow roll we can straightforwardly calculate as,(
φ˙
Φ˙
)2
≈ 6BPX . (IV.10)
Assuming B is approximately constant, we find(
φ˙
Φ˙
)
˙
≈ −2 φ˙
Φ˙
P˙X
PX
≈ − β
1 + c−2s
H
φ˙
Φ˙
. (IV.11)
Recall from section II that the same combination of β and c2s appears in the ratio φ¨/(Hφ˙),
and so under the same assumptions we have been making, we see that φ˙/Φ˙ varies slowly
over a Hubble time. Using this in our expression for DtT
φ we see that the (φ˙/Φ˙)˙ term
is subdominant.15 The time-derivative term DtT
χ is also negligible: X˙/Φ˙ ≈ Λ3, which is
15 In particular, it is suppressed by a factor of c2s, which we have seen is necessarily small if R > 1 and
φ¨≪ Hφ˙.
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constant by definition. With these approximations we can then calculate the ratio of terms
appearing in Ω,
Λ−6(DtT
χ)2
PX(DtT φ)2
≈ 6
β
1− c4s
(1− 3c2s)2
=
6
B
(
1− c2s
1− 3c2s
)2
. (IV.12)
If the swampland criterion is satisfied then this is much smaller than unity, and so we find
Ω2 ≈ PX(DtT φ)2. (IV.13)
Note that the χ contribution dominates Φ˙, while the φ contribution dominates Ω.
To evaluate the magnitude of this we should compare it to the Hubble rate, which has
the same dimensions,
Ω2
H2
≈ 3
2
β
(3c2s − 1)2
1− c4s
=
3
2
B
(
1− 3c2s
1− c2s
)2
. (IV.14)
If R > O(1) then c2s ≪ 1 and β ≫ 1, so the turning is large,
Ω2
H2
∼ O(β)≫ 1. (IV.15)
We conclude that, from the perspective of the two-field picture, DBI inflation has large
turning when the de Sitter swampland criterion is satisfied.
These considerations show that P (φ,X) theories fit into the analysis of Ref. [13], which
studied, in greater generality, multi-field inflation and the swampland conjectures in the
presence of large Ω, taking into account both the de Sitter conjecture (I.2) and the distance
conjecture (I.3). They find that satisfying both of these swampland conjectures simultane-
ously requires
Ω & 180H. (IV.16)
In the context of P (φ,X) inflation this imposes
√
β & 150. (IV.17)
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V. CONCLUSIONS
We have applied the de Sitter swampland conjecture of Ref. [8] to scalar field theories
with non-canonical kinetic structures of the P (φ,X) type. This conjecture is phrased in
terms of non-linear sigma models whose kinetic terms are quadratic in derivatives. We fit
P (φ,X) theories into this framework by introducing an auxiliary field and giving it a small
kinetic term, so that solutions to the P (φ,X) theory remain approximate solutions to the
two-field theory. This can be seen as embedding the P (φ,X) theory in a multi-field UV
extension.
The de Sitter conjecture translates into a bound on the function P (φ,X) and its deriva-
tives. We have analyzed this condition on quasi-de Sitter inflationary solutions in conjunc-
tion with the Hubble slow-roll approximation,16 and have applied them to a prominent
string-inspired inflationary model of the P (φ,X) form: DBI inflation. We find that DBI
inflation can satisfy the swampland bound given potentials which would violate the bound
in the presence of a canonical kinetic structure. We have shown that when these models
satisfy the swampland conjecture, they do so because of turning in field space, in agreement
with other examples of multi-field inflation which do not violate the swampland bound [13].
While the techniques we have used in this paper have proven extremely useful for ex-
tending swampland bounds to one set of theories with nontrivial kinetic terms, they are not
applicable, at least in a simple way, to all such theories. In particular, it would be very
interesting to study whether there are methods to extend the same reasoning to theories
such as the galileon or Horndeski models, in which higher-derivative terms enter explicitly
into the Lagrangians. Thus far we have not uncovered such techniques.
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